The Hanford K-Basin sludge is to be retrieved and stored in the large-diameter containers (LDCs). This waste contains some fraction of uranium metal that generates hydrogen gas, which introduces potential upset conditions. One postulated upset condition is a rising plug of sludge supported by a hydrogen bubble that is driven into the vent filters at the top of the container. In laboratory testing with actual K-Basin sludge, vessel-spanning bubbles that lifted plugs of sludge were observed in 3-inch-diameter graduated cylinders.
iv spanning bubbles will not form in 5-ft-diameter vessels provided the yield stress is less than 900 Pa. For instance, the largest bubble size predicted for a sludge with a yield stress of 500 Pa is 3.2 ft. These conclusions do not exclude the formation of gas layers produced by a distributed gas-generating region within the sludge. If a gas-generating region spans the diameter of the vessel, a layer of gas will readily form and grow.
From a structural point of view, if a gas layer is formed, the overlying sludge "plug" could collapse due to 1) a sufficiently large bending moment that produces a state of stress within the plug that exceeds the yield stress of the material or 2) a gravitational instability that will amplify any imperfections at the solid-gas interface and/or any external vibrational disturbance.
Based on plate theory, if a gas layer spans the bottom of the vessel, sludge plugs at the worstcase overfill condition will collapse only if the yield stress of the sludge is 100 Pa or less. Otherwise, plugs will remain intact. However, this does not exclude the possibility of plug collapse due to gravitational instabilities.
Recent measurements of both floor and canister sludge samples revealed high yield stress, up to 12,000 Pa. However, early measurements on discrete layers of floor sludge showed yield stress values of 10 Pa or less. Homogeneous mixtures of high and low yield stress sludge batches might attain a lower overall yield strength to a degree that is yet unknown. Compression and compaction will lead to an increase in yield stress, increasing the probability of a vesselspanning bubble.
An important finding of this study is that the dominant behavior of three distinct physical phenomena, namely bubble formation and detachment, plug failure due to bending moments, and plug failure due to gravitational instability, can be characterized with a single dimensionless parameter given by P gL = τ ρ 0 where τ 0 = sludge yield stress ρ = sludge density g = gravitational acceleration L = characteristic length scale (bubble diameter, plug thickness, etc.).
Of course, for each physical situation, different constants apply, and other parameters, different for each situation, would be required for highly detailed descriptions. However, the leadingorder behavior for each one of these phenomena can be predicted by evaluating P. 
Introduction
At the U.S. Department of Energy (DOE) Hanford Site in southeastern Washington State, a considerable amount of spent nuclear fuel (SNF) is stored in two water-filled concrete pools known as the K East (KE) and K West (KW) Basins. These basins in the 100 K Area contain over 2100 metric tons of N Reactor fuel elements in aluminum or stainless steel canisters. An estimated 52 m 3 of sludge have accumulated in the canisters and on the floor of the K Basins. The sludge is believed to comprise a mixture of SNF, metal corrosion products, windblown particulate material, and other constituents such as organic and inorganic ion exchange material (Makenas et al. 1996 (Makenas et al. , 1997 (Makenas et al. , 1998 (Makenas et al. , 1999 . A detailed inventory and composition description of all K Basin sludge materials can be found in Pearce (2001) . According to the SNF Project objectives, the sludge will be packaged, shipped, and stored at T Plant in the Hanford 200 Area until final processing at a future date.
Background
Gas generation within the K Basins has been reported and documented extensively (Johnson 1995; Baker et al. 2000; Bryan et al. 2001) . We know that oxidation of metallic uranium is responsible for the generation of hydrogen gas within the K-Basin sludge. High rates of gas generation have been observed to occur in some K-Basin sludge samples. Experiments described by Baker et al. (2000) showed the formation of a large pocket of gas underneath a sludge sample from KE labeled 96-06. This observation was made during the course of a series of settling rate studies of K-Basin sludge samples in the laboratory. These authors reported that the level of gas generation from the 1996 KE canister sludge samples was unexpectedly high. Sludge samples were placed in glass graduated cylinders (7.6 cm in diameter) with water. After thoroughly mixing the contents with a helium sparging hose, the mixture was left to settle undisturbed. As a result of this batch sedimentation step, particulate settled, forming a stratified layer of sludge where the larger and denser particles remained at the bottom and smaller, less dense ones at the top. In this arrangement, uranium metal remained predominantly at the bottom of the layer. Approximately ten days after the sludge was sparged with helium, a gas bubble began to form at the bottom of one of the graduated cylinders. In time the bubble spanned the diameter of the cylinder, and the pressure buildup was enough to move the sedimented sludge layer upward. This was the first observed example of a vessel-spanning bubble.
With a vessel-spanning bubble observed in small laboratory experiments, a concern was raised about the possibility of vessel-spanning bubbles forming in those tanks used primarily to store floor, pit, and canister sludge. These storage vessels, known as large-diameter containers (LDC), are approximately 5 ft in diameter and 10 ft in height. Each LDC will include at least one passive filter vent. Through oxic and anoxic reaction pathways, hydrogen will be generated from the corrosion of uranium metal and further oxidation of the various species of uranium (Schmidt and Delegard 2002) . The safety hazard of the formation of a vessel-spanning bubble 1.2 lies in its potential to overflow or plug the vent system within the tank. Baker et al. (2000) suggested that a diagonal bar or other passive feature should be incorporated as part of the design to prevent the formation of vessel-spanning bubbles within LDCs.
Approach
In light of the experimental observations of sludge plugs in graduated cylinders, this study, performed by Pacific Northwest National Laboratory (PNNL) (under contract to Fluor Hanford Spent Nuclear Fuel Project), focuses on the formation scenarios of vessel-spanning bubbles in LDCs. Additional support to this report was provied by the Fluor Hanford Technology Management Office. This report describes models and presents calculations to quantify the largest-diameter bubble that can be held motionless within K-Basin sludge of varying shear strengths, rheological parameters, densities, and gas generation rates. The report also contains an analysis for the stability of a diameter-spanning sludge plug, again as a function of various physical properties and parameters. The results from this report will be used in design and safety basis calculations.
The first part of this report describes a model of bubble formation within a settled sludge layer, based on the assumption that all gas originates from a single point source. We assume that the bubble remains spherical during formation and detachment. Both of these assumptions led to a conservative model appropriate for safety analyses. Experimental data indicate that the K Basin sludge has a yield stress; thus, in the bubble formation analysis the sludge is treated as a yield pseudo-plastic (viscoplastic) material. Static as well as dynamic effects of bubble formation are considered in the analysis; thus, two separate models are used. In the static model, the bubble size is determined by a force balance between buoyancy and the "drag" force exerted on the bubble due to the sludge yield stress. Determination of the force that retains a buoyant sphere motionless has been the subject of several investigations (Chhabra 1993) . In this study, a value for the drag force thought to be representative of most experimental observations was used in the calculations (Atapattu et al. 1995) . In the dynamic model, the effect of gas generation rate is included in the analysis. This model is based on a generalization of a model for bubble formation and detachment developed and validated for Newtonian fluids by Kumar and Kuloor (1970) .
In the second part of the report, plate theory is applied to cylindrical sludge plugs to determine their structural integrity based on a simple failure criterion. In this analysis, we assume that a vessel-spanning bubble has already formed. Thus, the gas pressure uniformly supports the resulting cylindrical plug. We assume that failure takes place via mass nonuniformity; i.e., that one side of the plug is heavier than the other. The validity of plate theory is strictly applicable to cylinder heights that are no larger than one-tenth of the cylinder diameter. Therefore, the results are used to provide an order of magnitude estimate of the critical height-to-diameter ratio that will lead to collapse as a function of the yield stress of the plug and the degree of mass imbalance.
1.3
Plug failure could also occur in a perfectly balanced sludge cylinder with a perfectly planar bottom surface. In this instance, the failure mechanism is explained in terms of gravitational instability. A stability analysis of this kind was not included in the work scope for this report. During the course of this study, M. Epstein of Fauske & Associates, Inc., prepared a letter report on the gravitational, or Taylor, instability that is included as an appendix to this report. Determining which failure mechanism (mass imbalance or gravitational instability) is the more unstable remains unresolved.
Vessel-Spanning Bubbles
This section describes two models of bubble formation within a sludge based on the assumption that all gas originates from a single point source. Static as well as dynamic effects of bubble formation are considered in these analyses. Gas bubbles are assumed to remain spherical during the formation and detachment stages. Both of these assumptions lead to a conservative model appropriate for safety analyses. Experimental data (Schmidt et al. 2002; Bredt et al. 1999) indicate that K-Basin sludge material can withstand finite shear without appreciable deformation; i.e., it possesses shear strength. Therefore, the sludge is treated as a yield pseudo-plastic (viscoplastic) material. In the static model, the bubble size is determined by a force balance between buoyancy and the "drag" force exerted on the bubble due to the sludge yield stress. Several investigations (e.g., Chhabra 1993) have focused on determining the force that keeps a buoyant sphere motionless. In our calculations, we used a value for the drag force that we thought was representative of most experimental observations (Atapattu et al. 1995) . In the dynamic model, the effect of gas generation rate is incorporated into the analysis. This model is based on a generalization of a model for bubble formation and detachment developed and validated for Newtonian fluids by Kumar and Kuloor (1970) .
Laboratory Observations with KE Basin Canister Sludge
Detailed descriptions of observations of sludge plug formation in the laboratory can be found in Baker et al. (2000) . Experiments with 1996 KE canister sludge samples were conducted in glass graduated cylinders with a capacity of two liters and diameter and height of approximately 7.6 and 40.6 cm, respectively (see Figure 2 .1). Even though observations of gas generation from sludge located in KE indicated a very low level of hydrogen gas generation, the handling of sludge samples in the laboratory to study settling of particulate caused an unexpectedly high level of gas generation. In some instances, pressurization was observed when approximately 250 mL of sludge and 1000 mL of water were placed in graduated cylinders and left to settle for 10 days (samples were sparged twice to induce turbulent mixing prior to settling).
Effectively, batch sedimentation is a separation process whereby heavier and denser particles reach the bottom of the container before any other particle. This results in a gravitationally stable stratified layer of sludge. Sediment stratification of the sludge was reported by Baker et al. (2000) who visually identified up to three distinct layers: a top layer composed of submicron size particles, followed by a middle layer of particles of a few microns, and then a bottom layer of particles several hundred microns in diameter. In the cases where a sludge plug was lifted due to an increase in pressure, most of the gas generated originated from the bottom layer, where the concentration of metallic uranium particles was highest. 
2.2

Sludge Plug Formation Scenarios
Depending on the distribution of gas-generating particles, four main patterns of bubble formation can be distinguished in sludges. First, bubbles can originate from multiple point generation sources of gas within sludge of low yield stress. In this instance, relatively small bubbles (compared with the vessel diameter) will grow and move upward, easily overcoming the low yield stress of the material. Second, bubbles can originate from multiple point generation sources of gas within sludge of high yield stress. In this instance, bubbles will grow but will remain motionless for a longer period of time before they move upward, overcoming the high yield stress of the sludge. This situation could allow for coalescence with neighboring bubbles, forming larger bubbles that could potentially span the diameter of the containing vessel. Third, a single bubble could grow as a result of a large concentration of uranium metal particles in a small region of the vessel. In this scenario, bubble growth can be viewed as being dominated by a single point source, which, depending on the mechanical properties of the sludge and the gasgeneration rate, could lead to a vessel-spanning bubble. Fourth, a layer of gas could grow due to a uniformly distributed concentration of gas-generating particles over an area equal to the crosssectional area of the containing vessel. Strictly speaking, the term "bubble" is not appropriate in this case because the gas generated in this manner is not entirely bounded by the sludge from the time gas generation begins. However, this situation will still be referred to as a possible scenario of what has historically been named a vessel-spanning bubble. These four patterns are depicted schematically in Figure 2 .2. A critical safety issue that follows directly from laboratory observations is the possible formation of a vessel-spanning bubble in the containers that will be used to store floor, pit, and canister sludge. These storage vessels, or LDCs, are approximately 5 ft in diameter and 10 ft in height. Each LDC will include at least one passive filter vent. Through oxic and anoxic reaction pathways, hydrogen will be generated from the corrosion of uranium metal and further oxidation of the various species of uranium (Schmidt and Delegard 2002) . The safety hazard of the formation of a vessel-spanning bubble lies in its potential to overflow or plug the vent system within the tank.
Single Bubble Analyses
In this section, the ability of a bubble to grow to span the entire diameter of a vessel is addressed. Two models are developed to provide conservative bounds on the maximum possible size of bubbles forming in K-Basin sludge for a wide range of rheological and mechanical properties. In these calculations we assume that gas is generated form single point source, which is one of several bubble formation scenarios discussed in the previous section. This scenario was chosen because its assumption of having all of the gas-generating material concentrated at one point makes it the most conservative. In addition, we assume that the bubble remains spherical during formation and detachment.
Static Model
Rheological measurements with viscometers and shear vanes (Schmidt et al. 2002; have shown that the K-Basin sludge is a shear-thinning viscoplastic material whose rheological behavior can be characterized adequately with the Herschel-Bulkley model. Table 2 .1 shows the ranges of the physical parameters used in the first phase of analyses on the formation of bubbles within LDCs of K-Basin sludge (Crea 2001; Makenas et al. 1998; Bredt et al. 1999) .
(a) Yield stress measurements of K-Basin sludge have been recorded since 1995. A detailed summary of measurements at specific locations within the K Basins under various loading conditions is shown in Table 2 .2 Makenas et al. 1996 Makenas et al. , 1997 Makenas et al. , 1998 . The most recent yield stress measurements are shown in Table 2 .3.
In the static model of bubble formation, the bubble size is determined by a force balance between buoyancy and the "drag" force exerted on the spherical bubble due to the sludge yield stress. Surface tension effects are neglected because the focus in this report is on large bubbles. In reality, large bubbles deviate considerably from perfect spheres precisely because the interfacial force at the bubble boundary is small compared with other forces. Yet it is assumed that the bubble remains spherical. Determining the drag force that keeps a buoyant sphere motionless continues to be the subject of investigation (Chhabra 1993) . A relatively small number of experimental and theoretical studies have been performed on the dynamics of bubbles in non-Newtonian fluids compared with those in Newtonian fluids. An even smaller number of studies of bubble behavior in viscoplastic and soft solid materials (like the K Basin sludge) are available in the open literature. To date, no closed-form solution of the drag on a sphere in a viscoplastic medium has been developed. In our calculations, we use a value for the drag force that is thought to be representative of most experimental observations (Atapattu et al. 1995 ). (Makenas et al. 1996) (measured using Bolin Controlled Stress rheometer) KES-M-13 Top Top strata of the KE floor sludge, described as "liquid like" 2.2 1.11 KES-T-20 Top Top strata of KE weasel pit sludge, described as "liquid like" 0.9 1.6 (est.)
2.6
1996 KE Canister Sludge (Makenas et al. 1997 1999 Consolidated Sludge Samples ) (measured after two weeks of settling using Haake M5 with 8-mm-diameter shear vane.) KC-2/3 M250 Size fractionated canister sludge composite (sludge from 11 canister barrels) containing only particles less than 250 µm. (b) Measurements obtained at settling time identified as "20+ days" were performed just after moving settled sludge samples through several hot cells. The settled sludge may have been disturbed during the sample transport.
(c) For measurements with only two observations, the value given is the range between the average and the measurements.
2.7
2.8 Adapting Atapattu's (1995) experimentally determined condition of no motion to a bubble retained in sludge, the total critical force, F c , above which a bubble will overcome the yield stress and move upward is Different values of k have been reported in the literature (Chhabra 1993) , ranging from 0.04 to 0.6. This wide range may be attributed to discrepancies in the definition of the yield stress of the material and the manner in which the experiments and yield stress measurement were conducted. Some authors use the Bingham while other use the Herschel-Bulkley model to define a yield stress. In addition, some authors measure k starting from a moving sphere trying to determine the condition that will hold the sphere motionless, whereas others, starting with a motionless sphere, try to measure the condition that will produce motion. Furthermore, it appears that there is no universal value for k , but it is a function of the rheological properties of the medium. Analyses in this report are carried out using the value of 0.061 for the yield constant, as reported by Atapattu (1995) .
To reduce the number of varying parameters that determine whether a bubble can rise through the sludge under static conditions (i.e., without taking into account the rate of generation of hydrogen), a dimensionless number can be obtained from the ratio between the critical force and the buoyancy force on the bubble. From Equations 2.1 and 2.2, this leads to the dimensionless parameter, .4) where D is the diameter of the LDC. Equation 2.4 is plotted in Figure 2 .4, where the ordinate and abscissa are the left-and right-hand-side of this equation, respectively. This graphical representation of the relative bubble size allows the user to readily estimate the likelihood of encountering a vessel-spanning bubble within an LDC containing sludge of known density and yield stress. Because the density of gas is at least three orders of magnitude smaller than that of the sludge, the dimensionless number that the user would need to calculate to estimate the relative size of the bubble is τ ρ 0 / k gD ( ). In the static model it is assumed that a bubble will continue to grow, regardless of how or why, until it either becomes buoyant or spans the diameter of the LDC. From the point of view of static bubble formation, a vessel-spanning bubble will occur for sludge yield stress values in excess of 1000 Pa. 
Dynamic Model
A dynamic model was developed to determine how the gas generation rate influences the size of a bubble being formed within the sludge. This model enables us to estimate how much larger a bubble will become as a result of a constant rate of gas generation. In reality, the gas generation rate is a function of time because, as the uranium metal is depleted through oxidation, the rate of gas production within the sludge decreases. Thus, the assumption of constant gas generation rate is conservative. As in the static model, the bubble is assumed to remain spherical throughout.
The dynamic model is a generalization of a model for bubble formation and detachment developed by Kumar and Kuloor (1970) (see also Chhabra 1993) . Their model and its variants (with surface tension effects) are in excellent agreement with experimental observation of bubble formation processes in Newtonian fluids. This model is based on an initial expansion stage followed by a detachment stage. During the expansion stage, the bubble grows from a fixed point source of gas in such a way that base of the bubble remains at rest. The second stage begins when the bubble base starts moving upward while still connected to the gas source through a thin conduit. Therefore, during the second stage, the bubble continues to grow prior to final detachment. The physical basis for this model is that the actual detachment process of a bubble from a source begins with a spherical bubble that becomes increasingly elongated in the vertical direction as it grows. Because the idealized model assumes perfect spherical bubbles, the actual continuous volume growth of the bubble must be accounted for in the model with the assumption that the bubble grows spherically but is linked to a source of gas by an imaginary conduit until final detachment occurs.
At the end of the first stage, the buoyancy and opposing forces are in equilibrium. During the detachment stage, buoyancy dominates and the bubble begins to rise. Within the model assumptions, the detachment time T takes place when the bubble base during the second stage 2.11 has traversed a length equal to the radius of the bubble of volume V 1 reached at the end of the first stage. The final volume of the bubble, V 2 , is
where Q is the gas generation rate (in m 3 /s), and V 1 is calculated from Equation (2.4)
During the detachment stage, the bubble experiences two opposing forces: 1) drag due to the bubble vertical displacement and 2) the reaction force that the fluid exerts as a result of the rate of change of momentum due to expansion. Even in the absence of viscosity, there is a force associated with the expansion of a bubble, the net effect of which is calculated from the virtual mass, M, of the bubble (Kumar and Kuloor 1970) given by
where V t 
The velocity, u t ( ), is the rate of change in vertical displacement of the bubble base during detachment, x t ( ) [i.e., u t dx t dt ( ) = ( ) ]. Applying Newton's second law to the detaching bubble,
where F D is the drag force for a sphere moving in a viscoplastic medium. From Atapattu's (1995) experimental correlation of the drag coefficient of a sphere in a Herschel-Bulkley fluid, the drag force is
where a is a constant of order one that depends on the rheology of the material and for which several values have been postulated in the literature, η is the consistency factor, n is the behavior index, and X n ( ) is the drag correction factor computed by Gu and Tanner (1985) . Their results can be fitted to the following function: 
Therefore, the condition at the onset of detachment leads to Equation 2.15, from which the constant a can be evaluated in terms of all the known parameters: In Equation (2.16) the positive term is dominant and very close to unity (0.911), as expected from experimental observations (Atapattu 1995) . A conservative estimate for the hydrogen generation rate in and LDC is 9.24x10 -6 m 3 /s (28.2 ft 3 /day) (Crea et al. 2001; Bryan et al. 2001 ). Thus, for very low gas generation rates and yield stresses on the order of 1000 Pa, the last term in Equation (2.16) is negligible. To reduce the number of parameters, the following dimensionless variables are introduced:
together with the following dimensionless numbers:
Therefore, the dimensionless governing equation for the bubble motion during detachment can be written as (2.24) where γ is the ratio between the bubble volume at the end of the detachment stage and the bubble volume obtained from purely static conditions. Equation 2.24, which can be integrated in closed form (but it is not transcribed here because the expression is quite lengthy), leads to a nonlinear equation to be solved numerically for γ . Finally, the value length scale of the bubble under dynamic conditions is
Figure 2.4 shows the results of applying the dynamic model to sludge of 500 Pa and shearthinning parameters given in Table 2 .1. Figure 2 .5 compares the relative bubble diameters calculated based on the static and dynamic models of bubble formation. The effect of gasgeneration rate in the dynamic model produces a larger-diameter bubble than its static counterpart, as shown by the dashed curve in the figure. This effect is more pronounced in sludge with low yield stress. As the yield stress increases, the dynamic model calculations asymptotically approach those based on the static model. Specific examples of calculations with the dynamic model are shown in Table 2 
Wall Effects
In Newtonian fluids, bubble formation, detachment, and motion are influenced by the neighboring boundaries. In these fluids, any deformation in the flow field is affected by the solid boundaries because of the ellipticity of the equations of motion under low Reynolds number conditions (i.e., information on fluid motion is transmitted instantaneously throughout the fluid domain). However, in viscoplastic fluids, information is spread over a yielded region within the fluid domain, the extent of which is determined by the generalized form of the Reynolds number that accounts for the yield stress of the medium.
During the expansion phase of a bubble caused by low gas-generation rate, the yield stress of the viscoplatic fluid is exceeded only within a thin symmetrical region in the neighborhood of the bubble. A similar situation occurs during the detachment phase of the bubble except that the yielded region loses its symmetry due to vertical translation. Beaulne and Mitsoulis (1997) computed the yielded region of a translating sphere through a viscoplastic medium bounded by a cylindrical wall. Effectively, a slowly expanding or moving bubble is unaffected by the presence of solid boundaries unless the gap between the bubble and the wall is less than 10% of the radius of the bubble. The slower the motion, the thinner the yielded region will become.
Plug Failure Mechanisms
In this section, plate theory is applied to cylindrical sludge plugs to determine their structural integrity based on a simple failure criterion. In this analysis, we assume a vessel-spanning bubble has already formed. Thus, the gas pressure uniformly supports the resulting cylindrical plug. In addition, we assume that failure takes place via an assumed heterogeneous distribution of mass throughout the plug; i.e., one side of the plug is heavier than the other. The validity of plate theory is strictly applicable to cylinder heights that are no larger than one-tenth of the cylinder diameter. Therefore, the results are used to provide an order of magnitude estimate of the critical height-to-diameter ratio that will lead to collapse as a function of the yield stress of the plug and the degree of mass imbalance.
Plug failure could also occur in a perfectly balanced sludge cylinder with a perfectly planar bottom surface. In this instance, the failure mechanism is explained in terms of a gravitational instability. When a vessel-spanning bubble is formed, the overlying plug is structurally unstable because the density of the sludge is more than three orders of magnitude larger than the density of the gas. While the strength of the material tends to keep the integrity of the plug intact, the size and density of the plug tend to destabilize its structure. This is reminiscent of the RayleighTaylor stability problem for fluids, in which a liquid can be held in a cylindrical container upside down if the diameter of the container is small enough for the stabilizing effect of surface tension to dominate. While a stability analysis of this kind is not within the scope of this report, we did include a report on the gravitational, or Taylor, instability by Fauske and Associates, Inc., as an appendix. Fauske's report was done concurrently with our report. The growth or decay of gravitational instabilities depended on the same dimensionless group (Equation 2.3) used in the single bubble analyses. Which failure mechanism (mass imbalance, gravitational instability, or other mechanism) is the most unstable remains an open question.
Plug Geometry
Uniformly distributed gas generation over a cross-section at the bottom of the sludge could reach a level of pressurization that would eventually make the plug act as a piston by lifting any overlying material. Experimental observation of forming plugs in graduated cylinders (see Figure 2 .1) shows that the gas-plug interface is not perfectly planar but somewhat irregular. Different degrees of irregularity were observed at the interface varying from slight to pronounced roughness. If the interface were fitted to a plane (i.e., take an average of the peaks and valleys of the rough surface), the result would be a tilted planar interface, as shown in Figure  3 .1.
The water-plug interface is planar provided its formation followed a batch sedimentation process from a homogenously mixed water-particulate system. This interface is also subjected to fully Supported by the Pressurized Gas Layer uniform pressure due to the hydrostatic head from the water column above it. Within the framework of plate theory, failure of the idealized plug depicted in Figure 3 .1 would arise from a bending moment caused by the nonuniform distribution of mass. Circular plate theory yields accurate answers if the thickness of the plate is no more that one-tenth the diameter. Therefore, we applied this theory to the structural integrity K-Basin sludge plugs to understand at least some of the relevant scaling parameters that govern failure. Precise answers could be obtained only through numerical integration of the equilibrium equations for a plug of arbitrary thickness and given elastic and plastic parameters. An analysis of this nature is beyond the scope of this work.
Circular Plate Theory Criterion
For a nonuniformly loaded circular plate where the load occurs over a prescribed region on the plate or is distributed over the entire plate according to a simple function (linear, quadratic, etc.), closed-form solutions exist based on the linear theory of elasticity for the maximum radial and azimuthal stresses (Young and Budynas 2002; Pilkey 1994) . To apply plate theory directly to the sludge plug, we assume that the loaded region of the plate corresponds to the region of the plug where the mass imbalance is located (see Figure 3. 2). In other words, the weight of the excess mass is the driving force responsible for the bending moment.
To determine the critical ratio between the plug thickness and the diameter of the LDC, a yield criterion is required. Yield criteria depend on the mechanical properties of the material to which they are applied and also on the loading conditions. A first-order estimate is provided by the simplest possible yield criterion, namely, that plug collapse takes place when the maximum stress, σ max , in the plate is equal to or greater than the shear strength of the sludge, τ 0 , that is, Equations 2.4 and 3.5 have essentially the same dimensionless number (except for a different constant relevant to each physical situation). Figure 3 .3 plots the relative height of the plug with respect to the LDC diameter. All cases denoted by dots in Figure 3 .3 were calculated by assuming a sludge average density of 1300 kg/ m 3 , and the constant λ was 0.08. The dashed line represents a fill condition of 3 m 3 . Cases in Figure 3 .3 to the left of the critical failure line (solid curve) are stable plugs within the assumption of plate theory. Sludge batches with low yield stress are expected to collapse even for relatively thick plugs, preventing the sudden ejection of material from the container. However, as the yield stress increases beyond 100 Pa, collapse is expected only for thin plugs. Substituting Equation 3.6 into 3.4, the condition for the collapse of a plug is given in terms of the plate "constant" and the constant for the no-motion condition of a spherical bubble in a viscoplastic sludge
where a typical value for the ratio of constants ( λ /k ) is on the order of 1.3.
